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Abstract 

We show that a free Dirac quantum field on a globally hyperbolic spacetime has 
the following structural properties: (a) any two quasifree Hadamard states on the 
algebra of free Dirac fields are locally quasiequivalent; (b) the split-property holds in 
the representation of any quasifree Hadamard state; (c) if the underlying spacetime 
is static, then the nuclearity condition is satisfied, that is, the free energy associated 
with a finitely extended subsystem ( "box" ) has a linear dependence on the volume 
of the box and goes like oc T^"*"^ for large temperatures T, where s + 1 is the number 
of dimensions of the spacetime. 



I Introduction 

In the algebraic framework of quantum field theory ^Oj, one takes the point of view 
that quantum field theoretical models should ultimately be described purely in terms of 
their associated algebras of local observables. The basic mathematical structure in this 
approach is an assignment O — > Ql{0) of finite regions in spacetime with C*-algebras 
containing the observables in the theory that are localized in O. This assignment 
is expected to have some general, model-independent structural features; namely, if Oi C 
O2, then 2l((9i) C 2l((92) and if Oi and O2 are spacelike separated, then the elements in 
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should commute with those in 2t((92)- The above properties express in an abstract 
way the general features of locality and local commutativity of a quantum field theory. 

A quantum state in the algebraic framework is a positive normalized linear functional 
uj : 01 ^ C It is a basic fact from the theory of C*-algebras that every state determines 
a representation vr, called the GNS-representation, of 21 on some Hilbert space ^ con- 
taining a distinguished vector \Q) such that uj{A) = (f2|7r(y4)f2) for all A G 2t. If the 
spacetime under consideration is Minkowski space, one furthermore postulates the exis- 
tence of a preferred vacuum state, ujo, whose GNS-representation carries a positive energy 
representation of the translation symmetry group of Minkowski space. 

The strength of the algebraic approach is that a number of structural features known 
from quantum field theory can be seen to be a consequence of general and model- 
independent axioms, see Haag's book [TO] for an overview. However, these axioms do 
not yet entail such basic features as the existence of particles or a reasonable thermody- 
namic behavior. What is missing is a suitable mathematical formulation of the idea that 
excitations of the vacuum localized in finite regions and with finite energy occupy "finite 
volumes in phase space". Haag and Swieca jTTj suggested to incorporate this idea into 
the general framework of algebraic quantum field theory in Minkowski space by demand- 
ing that a reasonable theory should satisfy the following compactness criterion: Let Or 
be a double cone in Minkowski space whose base is a ball of radius r and let ttq be the 
GNS-representation of the vacuum state on the Hilbert space ^o, with vacuum vector 
\flo). Then the subsets of given by 

{PeMA)W e^o\Ae 21(a), \\A\\ < 1} 

are compact^ for all E and r, where Pe is the spectral projector of the Hamiltonian, H, 
to the interval [0, E']. 

With the same idea in mind, Buchholz and Wichmann jl] proposed a stronger require- 
ment on the size of the phase space volumes corresponding to excitations localized in finite 
regions in Minkowski space and with finite energy. Instead of a sharp cut off in energy 
(represented above by the projector Pe) they use an exponential damping and replace 
the above compactness criterion by the following nuclearity requirement: The maps 0^3 
defined by 

21(a) 9 A e-^^7ro(A)|r]o) = ^M) ^ (1) 

are nuclear for all /? > 0, with nuclearity index bounded by Vr,f3 < exp[cr*//3"], where 
c, n are positive constants, s is the number of spatial dimensions and r the radius of 
the base of a (the definition of a nuclear map and its nuclearity index is given Sec. 
IA.2|) . The physical interpretation of is that of the partition function of the finitely 
extended subsystem located in a at temperature T = (3~^ . The dependence of Vr^p on 

^Recall that a subset of a Banach space is called compact if every bounded sequence in this set contains 
a weakly convergent subsequence. 
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r then expresses that the free energy, F^^fs = — Inz^r,/?, of the finitely extended system 
depends at most linearly on the volume of the box. The dependence on (3 gives the relation 
between energy and temperature in the high temperature region. It has been shown to 
be sufficient to guarantee normal thermodynamic behavior. 

The above nuclearity condition, as well as different variants thereof (see for example 
have been verified for free scalar fields and, more generally, for suitable infinite 
multiplets of these fields in Minkowski space A suitably modified nuclearity condition 
can also be formulated in curved spacetimes with a time translation symmetry, for which 
there exists a state c^o carrying a positive energy representation of the time translation 
group (so that H now denotes the generator of this symmetry). That the nuclearity 
property still holds under these more general circumstances was established by Verch j^Z] 
for the case of a free scalar field in the representation of the natural ground state on an 
ultrastatic spacetime.^ 

It is expected that the nuclearity property should hold also for free fields with higher 
spin, but a discussion of this seems to be missing from the literature so far, even in the 
case of Minkowski space. One purpose of the present paper is to fill this gap for the spin-^ 
case. Namely, we will prove that the nuclearity condition holds for the free Dirac field on 
a static spacetime in the GNS-representation of the ground state, and that the nuclearity 
index, i^-r,/?, associated with a double cone with compact base ^, satisfies the estimate 



Here, /3o is a constant depending on on the spatial geometry of the spacetime under 
consideration and mo is a constant proportional to the mass of the field. This estimate 
implies that the free energy F^^^/j = — In i/t^^/j associated with the subsystem localized 
in goes at most like T*+^ for high temperatures T. We also show that if the spacetime 
metric is rescaled by gab — > ^^dab, then the nuclearity index for the rescaled spacetime is 
estimated by the expression on the right side of with /5o replaced by XPq. This means 
that the free energy -FV,/3 has at most a linear dependence on A* under rescalings of the 
metric, and therefore at most a linear dependence on the volume of the box.^ 

The proof of the above statements does not readily follow from the arguments de- 
veloped for scalar fields, because the underlying combinatorics in both cases are quite 
different, due to the different statistics of bosonic and fermionic fields. Also, the above 
estimate for Uc^^p cannot readily be obtained by the same methods as in Minkowski space. 
Instead, we obtain it using some results and methods from the theory of pseudo differ- 
ential operators. We mention as an aside that our proof of the nuclearity property also 
shows that the map ((T)) is actually even p- nuclear for all p > 0. 

^Actually he verified a version of nuclearity condition, which is stronger than the one given above. 
•^Note that, in Minkowski space, the transformation gab ^ ^^dab is equivalent, via the conformal 
isometry a; ^ Ax, to a rescaling of the box itself, O,- 0\r- 




(2) 
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A quantum field model on a curved spacetime M is said to satisfy the so-called split- 
property (with respect to some state, uj) if the following holds: Let Oi and O2 be two 
concentric open double cones with bases ^1 and ^2 (contained in some Cauchy-surface 
S) such that clo(^i) C ^2- Furthermore, let 7r^(2l(Ci))" and 7r<^(2t(C>2))" be the weak 
closures of the corresponding local algebras in the GNS-representation of the state uo. 
Then there exists a type I factor such that 

vr.(2l(Oi))" C ^ C 71^(21(02))". 

It is known [2j that the split-property automatically holds for the ground state ojq on 
an ultrastatic spacetime if the nuclearity condition is satisfied. Hence our estimate © 
immediately gives us that the split-property holds for free Dirac fields in static spacetimes 
in the GNS-representation of the ground state. (For the special case of a Dirac field in 
Minkowski spacetime this has previously been shown by Summers [211 •) Combining this 
with a deformation argument due to Verch |2Zj, we moreover show in Sec. |^ that the 
split-property holds in fact on an arbitrary globally hyperbolic spacetime in the GNS- 
representation of any quasifree Hadamard state (an explanation of this term will be given 
below). Our proof of this partly relies on the fact that any two quasifree Hadamard states 
uji and UJ2 for the Dirac field are locally quasiequivalent, meaning that the density matrix 
states in the GNS Hilbert spaces of uJi and LJ2 define the same sets of states of 2l((9) for 
any relatively compact subset O of M. The analogue of this result for scalar fields had 
previously been obtained by Verch |2H], but a proof for Dirac case seems to be missing 
from the literature so far."^ It is therefore provided in Sec. IIVI In the course of this proof 
we also show that the local v. Neumann algebras vr^(2t(0<^^))" associated with a double 
cone O^^ (with regular base) is a factor for any quasifree state u. 

Because all quasifree Hadamard states are locally quasiequivalent, the v. Neumann 
algebras 7r^(2l((9))" are algebraically isomorphic for different choices of the quasifree state 
u. They may therefore regarded as different realizations of some abstract factorial v. Neu- 
mann algebra ^{O). The collection of these factors can be shown to have the following 
general covariance property (for a detailed discussion of this property, see [211 Ell): Let 
X : ^ M be a causality-preserving isometric embedding of a spacetime {N, hab) into 
a larger spacetime {M,gab), so that x*9ab = hab, and assume that x induces a homomor- 
phism of the corresponding spin-structures. Then there exists a homomorphism such 
that a^{^{0)) = =^(x(C')) for all relatively compact O C N.^ Moreover, if xi ° X2 is 
the composition of two isometric embeddings, then it holds that axiox2 = Q^xi ° ^X2- 
the case when x is a diffeomorphism, the map implements the transformation of local 

''^For scalar fields, it has recently been proven ^H] that local quasiequivalence still holds under the 
much weaker assumption that the states in question are not Hadamard but only "adiabatic of order N" , 
for some suitable number N. One would expect that an analogous result holds also for Dirac fields. A 
first result in this direction on Robertson- Walker spacetimes has been obtained by |13j . 

^As pointed out to us by the referee, in order that a-^ be independent of O, one must actually require 
that the isometric embedding x is extendible to some N' containing as a subset with compact closure. 
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quantum fields under x- Now li Oi <Z O2 N are open regions as in the discussion of tlie 
split-property, and if ^ is a type I factor corresponding to this inclusion, then a^{^) 
is a type I factor corresponding to the inclusion C C M. In this sense, the 

type I factor in the split-property 'transforms in a generally covariant way'. 

The plan and main results of this paper may now be summarized: In Section m we 
review the quantization of a free Dirac field on a curved spacetime from the algebraic 
point of view and recall the notion of quasifree and Hadamard states. In Section IIIII we 
show that any two quasifree Hadamard states are locally quasiequivalent (Thm. Illl.ljl . 
and that the local v. Neumann algebras associated with a quasifree state are factors of 
type nil (Thm. lTTl.2|l . Section HVl contains our results concerning the nuclearity property 
for Dirac fields in static spacetimes (Thm. IIV.II and Prop. IIV.1|) . The split-property for 
Dirac fields in arbitrary globally hyperbolic spacetimes is established in the last section. 
The definition of nuclear maps and some related functional analytic concepts is given in 
the Appendix. 

Notations and conventions: Throughout, {M,gab) denotes an oriented, time-oriented 
globally hyperbolic spacetime of dimension s + 1. The metric volume element compatible 
with the orientation of M is denoted by eaoai...as- We denote by the causal future 
respectively past of a region O C M, i.e., the set of all points that can be reached by a 
future respectively past directed causal curve starting in O. D{0) denotes the domain of 
dependence of O, defined as the set of all points x, such any future and past inextendible 
causal curve through x intersects O. Our signature convention is H .... 

II Review of classical and quantum Dirac fields in 
curved spacetimes 

II. 1 Classical fields 

We begin by reviewing briefly the the theory of a classical, linear Dirac field on a curved 
spacetime (for a more detailed discussion see for example 1221 )• order to define 
spinors on a curved spacetime, it is necessary to first introduce the notion of a spin- 
structure. Let FM be the bundle of all oriented, time-oriented orthonormal frames over 
{M,gab)- FM has the structure of a principal fibre bundle with base manifold M and 
structure group SO^(s, 1), where the arrow indicates that the transformations preserve the 
time-orientation. The universal 2-1 covering group of SO^(s,l) is the group Spin' (s, 1). 
Elements g of this group can be represented by complex 2"^'*+^)/^Ldimensional^ square 
matrices satisfying 

9^9^' = M9tY- (3) 

^[. . . ] denotes the integer part of a number. 
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Here, the denote a set of 2[^*"'"^)/^l-dimensional gamma-matrices for (s + l)-dimensional 
Minkowski spacetime'^ satisfying 

7^7^ + 7^7'' = 2r/'^^ (4) 

and A denotes the covering homomorphism. A spin structure on (M, gab) is by definition a 
principal fibre bundle SM with structure group Spin^(s, 1) and base manifold M, together 
with a bundle homomorphism SM — >■ FM compatible with the covering homomorphism 
A. Whether a given spacetime admits a spin structure or not depends only on the topology 
of M. In the following we assume that M is such that a spin structure exists. Given a 
spin structure, one defines the "spinor bundle", DM, as the 2f*^'^^^^/^L(ji]2iensional complex 
vector bundle over M which is associated to SM via the representation of Spin^(s, 1) on 

In order to write down the Dirac equation in M, one needs an analogue of Gamma- 
matrices as well as a suitable covariant derivative operator for spinor fields in curved 
spacetime. Gamma matrices 7"^ in curved spacetime are the fiber-wise linear maps in 
DM satisfying 7^7^ + •y^'ya = '^Qab- They are defined by requiring that their components 
with respect to an appropriate local frame are equal to those of the corresponding gamma 
matrices © in Minkowski space. Derivatives of spinor fields in curved spacetime can 
naturally be defined in terms of the so-called "spin-connection", Vq, which is the uniquely 
determined covariant derivative operator satisfying Vajt = 0. The Dirac equation for a 
spinor field u in curved spacetime then reads 

(«7"Va - m)u = 0, m > 0. (5) 

It is known [0] that there exist unique advanced and retarded fundamental solutions 5^^^^ 
and 5''*^* to this equation, i.e., continuous linear maps from ^{DM) (the space of smooth 
spinor fields with compact support) to ^{DM) (the space of smooth spinor fields), for 
which there holds 

(i7'^Va - m)S'^'' = S'^'^^t-f^Va - m) = U, 

(with the same equation holding for S^'^^) and for which supp(iS^'^^M) C J^(supp(m)) and 
supp(iS'''^*n) C J~(supp(m)). The causal propagator, S, is the distributional bisolution 
defined hy S = S^'^^ - S'^\ 

The notion of the charge-conjugate and the Dirac-conjugate of a spinor field u in 
Minkowski spacetime can be generalized in a natural and invariant way to spinor fields on a 
curved spacetime via an appropriately chosen trivialization of DM (the charge conjugation 
is defined only for s + 1 = 3,4,9, 10 mod 8). The charge conjugate of a spinor field u is 
written as Cu, where C is a certain anti-linear, fiber-preserving, involutive (C^ = 1) map 

^We assume that the gamma matrices in Q are taken in the Majorana representation, which requires 
that 5 + 1 = 3,4,9,10 mod 8. 



6 



from DM to itself. If u is a solution to the Dirac equation, then so is Cu. Spinor fields 
which are invariant under the charge conjugation map are called "Majorana spinors". The 
Dirac-conjugate of a spinor field, m, lives in the dual, D*M, of the spinor bundle. If u is 
a solution to the Dirac equation then -u is a solution to u{—i'y°'Va — m) = 0, and vice 
versa. 

II. 2 Quantum fields 

The theory of a quantized Dirac field can be formulated in various ways. We here present 
the theory from the algebraic point of view, using Araki's selfdual framework p. For 
simplicity, we will restrict attention from now on to Majorana fields (which means that 
s + 1 = 3, 4, 9, 10 mods), but our results can easily be generalized to charged Dirac fields. 

The algebra ^ of Dirac-Majorana quantum fields is by definition the uniquely de- 
termined, unital C*-algebra generated by elements of the form \E'('u) (smeared Dirac- 
Majorana quantum fields), where -u is a compactly supported, smooth spinor field. They 
are subject to the following relations: 

Linearity: The assignment ^{DM) 3 u —>■ il){u) G is complex linear. 
Dirac Equation: There holds \E'((i7"Va — m)u) = 0. 

Canonical Anticommutation Relations: {^(-ui), \E'(m2)} = iS{Cui,U2)'5i., where S is 
viewed bilinear form on &{D*M) x &{DM). 
Hermiticity: \E'(m)* = "^{Cu). 

The local field algebras 5^(0) corresponding to some region O in spacetime, are by 
definition the C*-subalgebras of generated by all elements of the form \E'(m), where 
supp(m) C O. 

In the following we will often make use of an alternative description of the algebra ^ 
in terms of the Cauchy data of the field operators on some Cauchy surface S ( "sharp time 
fields"), as we now briefly explain. It can be seen that 



defines a positive, non-degenerate Hermitian inner product on the space of all compactly 
supported smooth spinor fields on E. The completion of this space with respect to this 
inner product is a Hilbert space which we will denote as J(f = LF'{DM \ S). The charge 
conjugation map C can be seen to be antiunitary with respect to that inner product, that 
is, {Cki\Ck2) = {k2\ki) for all ki,k2 G J^. One can show that 5 is *-isomorphic to the 
C*-algebra generated by elements of the form ip{k) with k G J^, subject to the relations 
tp{Ck) = ip{k)* and {'ilj{ki),'ilj{k2)} = {Cki\k2)t. The isomorphism is explicitly given by 




(6) 



^(m) ^ ^(A;), k = Su\J: 



(7) 
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for spinor fields u G ^{DM). The local field algebras ^{O), where (9 is a region of the 
form D{^) an open subset of S) correspond, under this isomorphism, to the algebras 
generated by elements of the form ip{k), where k G L^{DM \ '^). 

The algebra ^ has the following structural property jTj: Any unitary operator U on 
J(^ which commutes with C induces a unique automorphism a on ^ satisfying a{il!{k)) = 
ip{Uk) for all k G J^. a is called the "Boguliubov automorphism" associated with U. 

A state in the algebraic framework is by definition a linear functional u : ^ C, 
which is normalized so that = 1 and positive in the sense that uj{F*F) > for all 
F E ^. The algebraic notion of states is related to the usual Hilbert space notion of states 
by the GNS-theorem. This says that for any algebraic state, there is a representation 
Tiuj of ^ as bounded, linear operators on a Hilbert space containing a distinguished 
vector, \fluj), such that uj{F) = (f2^|7r^(F)f2^) for all F E The two-point function, S^j, 
of a state a; on ^ is the bidistribution on M x M defined by 

for all smooth spinor fields ui and U2 over M. 

In this paper, we will restrict attention to a particular class of states on namely the 
so-called "quasifree states" . A quasifree state is one for which® 

umu,)...nun)) = |^P«ig^(^)n(M)e.^(*(«^)^(^.))' neven, 

I for n odd, 

where the sum is over all partitions p of {1, . . . , into pairs with i < j, and where 
sign(p) is the signature of the permutation ^ " T ^ ' " ^ .^^^ ^. The above formula 
implies in particular that a quasifree state is entirely specified by its two-point function. 

It is not difficult to see that the two-point function of a quasifree state can always be 
written in the form 

5^ (Ml, U2) = (Cp^Sui Pp^Su^ for all Mi, M2 e ^{DM), (9) 

where ps means the operation of restricting a spinor field over M to the Cauchy surface E, 
S is the causal propagator and where P is a bounded operator on satisfying < P < 1 
and CPC = 1 — P. In terms of the sharp time fields ip{k) (see eq. (|7j)), the two-point 
function is simply 

^(^'(^1)^(^2)) = {Ch\Pk2). (10) 

Conversely, given any operator P on with the above properties, eq. ([111)) defines a 
quasifree state on If P is in addition a projection operator, P^ = P, then the corre- 
sponding quasifree state is called a "Fock state" . A quasifree state is pure if and only if it 

®An equivalent way of saying that a state is quasifree is to demand that it has a vanishing one-point 
function, u}{'ip{u)) = 0, and vanishing truncated n-point functions for n > 2. 
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is a Fock state. The GNS representation of ^ associated with a quasifree state is described 
as follows: is the antisymmetric Fock-space over the "1-particle Hilbert space" 

^ = do{P^/^k\keC^{DM (11) 

that is, 

= C©(©„>i(A"^)), (12) 

where h^M' is the n-th antisymmetrized tensor power of M' . The Hilbert space is 
thus the closure of the linear span of vectors of the form 

1$) = gi Ag2 A--- Ag„, G JT, (13) 

and the "vacuum vector", ^ corresponding to the first component C in the direct 
sum (fT^. The scalar product in is that naturally induced from the scalar product 
( I ) in M' . The GNS-representation is 

7r^(^(A;)) = a{P^/^k)* + a{P^/^Ck) VA; G ^, (14) 

where a{p)* and a{p) with p G are the creation respectively annihilation operators 
defined by^ 

a(p)*(gi A g2 A ■ • • A g„) = p A gi A g2 A ■ ■ • A g„, 

n 

a(p)(gi Aga A--- Ag„) = ^(-l)"+^(p|g,.)9i A . . . g?. A . . . gi,pG^, (15) 



r=l 



as well as the action 

aipy\n^)=p, a{p)\n^) = Q (le) 

on the vacuum vector. They satisfy the usual anti-commutation relations 

{a{p,),a{p2r} = ipi\p2). (17) 

Since the generators ip{k) of the algebra ^ satisfy anticommutation relations, one has a 
slighly different notion of locality as compared to the case of Bose fields. In order to 
describe this notion of locality, it is convenient to introduce the grading automorphism 7 
on ^, which is defined by 'y{ip{k)) = —ip{k) in terms of the generators of ^. We have that 
7(F) = ±F for F G where ^+ is generated by even products of ■?/', and where is 
generated by odd products of ip. Each F can be uniquely decomposed into parts from ^5^+ 
and as F = F+ + F_, where F± = |(F ± 7(-F)). Given this decomposition, one can 
introduce the graded commutator by 



2J7 



F1F2 + F2F1 ifFi,F2G;?_ 
F1F2 — F2F1 otherwise. 



^Note that p o-{p)* is linear in p and that p — > a{p) is antiUnear in p. 
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where we are assuming without loss of generahty that Fi e It is a consequence of 
the canonical anticommutation relations, together with locality properties of the anti- 
commutator function S that 

[F,,F2], = i^F^e^{0^),F2e^{02), (19) 

and if Oi and O2 are spacelike separated. The even part but not the odd part, is 

a subalgebra of ^{O). Since the graded commutator is just the ordinary commutator for 
elements in the even part, it follows that 

[Fi, F2] = if Fi e d+iOl), F2 e d+{02), (20) 

whenever Oi and O2 are spacelike separated. The algebra therefore satisfies 

bosonic commutation relations appropriate for true observables in the theory. We will 
refer to it as the "algebras of observables" , and we will sometimes use the notation 21(0) 
for this algebra. 

Actually, one can get rid of the graded commutator in eq. (fTH|) in favor of the ordinary 
commutator via a standard construction often referred to as "twist" , and this leads to a 
slightly more subtle notion of locality, called "twisted locality" , for the algebra of fields, 
^{O). We now briefly recall this concept, since it will play a role below. Any quasifree 
state uj is invariant under the automorphism 7, that is, u^ji^F)) = uj{F) for all F & 'S, 
because such a state by definition vanishes on odd elements F. This implies that 7 can be 
unitarily implemented in the GNS-representation of any quasifree state. In other words, 
there is a unitary U on such that 

U\Q^) = \Q^), 7r^(7(F)) = t/7r^(F)f/* ^Fe^- (21) 

One can then define the "twisted (local) algebras", '/r(^(i^(C))*, by 

Tr.mO))' = {rrUF+) + irt^{F^)U \ F G d{0)}. (22) 

The twisted algebra vr^(5^(C))* is spatially isomorphic to 7r^(5^(0)) and the isomorphism 
is implemented by the unitary V = -^(1 + 'iU) 

In terms of the twisted algebras, one has the following modified version of locality, 
called "twisted locality": 

TiMiO')) C nUW)f- (23) 

Here, vr^(T^(0))' denotes the commutant, that is, the set of all operators on that 
commute with all 7i^{F), F G t?(C). The set O' is the causal complement of the set O, 
defined as the set of all spacetime points x such that J(x) fl C = 0. 

The above construction of Fock states is appropriate to obtain "ground states" for 
static spacetimes {M,gab), which is the situation that we are considering in Sec. IIVI 
Recall that a spacetime is called static if it has an everywhere time-like Killing vectorfield 



10 



t", £tgab = 2V(atb) = 0, which is orthogonal to a family of Cauchy surfaces S, or, 
equivalently, which satisfies t[aVbtc] = 0. We also assume here that the Killing field is 
timelike everywhere in the sense that = tHa >vl>Q for some fo, and that the orbits 
of are complete. The construction of the ground state of the Dirac field for such a 
spacetime is precisely as follows: Consider a Cauchy surface S orthogonal to t"". Since 
the Dirac equation has a well-posed initial value formulation, we may associate with any 
given k G C^{DM \ S) a uniquely determined solution u of the Dirac equation such that 
u \ = k. The flow {Ft}t&R of induces a flow on the spinor bundle DM (denoted by the 
same symbol), which commutes with the charge conjugation^'' and the Dirac operator [Hj. 
Therefore, F^u is again a solution to the Dirac equation with initial data kt = F^u \ E. 
It is not difficult to see that kt = u{t)k for some 1-parameter group of unitary maps 
{u(t)}tg]K on satisfying [u(t),C] = for all t G M. Hence, there is a 1-parameter 
family of Boguhubov automorphisms {at}tm on given by at{ip{k)) = ip{u{t)k) for all 
k G J^. It is known |2S1 Prop. 4.1] that the 1-parameter group {u(t)}(giR is strongly 
continuous on Thus, by Stone's theorem, we can write 

u(t) = e''^ (24) 

for some self-adjoint generator h on J^. It can be seen the action of h on a /c G C^{DM \ 
E) is given by the differential operator 

hk = {-ifjcq^'la^b + f7cm)k, (25) 

where qab = Qab — iaib/v"^ is the induced metric on E. Let now P be the projector on the 
positive energy subspace of h, 

P= / £;h(dA), (26) 

with Ey^ the spectral measure of h. Since ChC = — h, the projector P satisfies CPC = 
1 — P, and therefore defines a Fock state u on ^. That Fock state is, in fact, the ground 
state associated with the notion of time translations defined by the Killing vector field 

The group {at}tm is unitarily implemented in the GNS- representation associated with 
the state u in the sense that 

iT^iatiF)) = Uit)n^{F)Uit)* for all F G ^, t G M, (27) 

^°That can be seen e.g. as follows: Since the orbits of are complete and since {M,gab) is assumed 
globally hyperbolic, every point x Cz M can be written uniquely as x = Ft{y),y e I],t G R. Since 
Ft9ab = gab, wc may assume that the set of spin-frames over any given point x = Ft{y) is defined to be 
the set of spin-frames over the point y, and that D^M is consequently defined to be DyM. This provides 
the desired (trivial) flow on the spin-bundle induced by Ft. The charge conjugation acting in the fiber 
DxM is defined to be the charge conjugation in DyM and therefore (trivially) commutes with the flow 
Ft. 
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where U{t) = e^^^ and where H is given by the second quantization of the self adjoint 
operator (the "1-particle Hamiltonian" ) h_(_ = PYiP. H is the generator of the symmetry 
on the GNS Hilbert space associated with uj and may therefore be identified with 
the Hamiltonian of the system. The vacuum vector 1^2^^) is invariant under f/(t), i.e. 
H\VlJ) = 0, thereby justifying the terminology "ground state" for u. In Minkowski space, 
the above ground state construction gives the usual vacuum representation. 

II. 3 Hadamard states 

In the previous subsection, we have recalled the definition of the algebra of observables 
for a quantized Dirac field on a curved spacetime, and we have introduced the notion of 
quasifree states on this algebra. We also recalled the construction of the ground state 
in a static spacetime, which is a preferred element in this class. The question then 
arises how to characterize a class of physically reasonable states on non-static, general 
globally hyperbolic spacetimes. It has been suggested for a long time that this class 
should include the quasifree states that have a two-point function of Hadamard form. As 
was recently shown by Hollands and Ruan ^1] , this is a necessary and sufficient condition 
in order to be able to extend the action of a quasifree state to more singular quantities 
such as Wick powers of the free field (for example stress-energy tensor) — which are not 
already contained in ^ — as well as to other quantities arising in a perturbatively defined 
interacting quantum field theory.^^ We will see in Sec. |V]that the ground state on an 
ultrastatic spacetime (that is, a static spacetime for which the timelike Killing field is in 
addition normalized, f^ta = —1) is of Hadamard form. 

For the convenience of the reader, we now recall the definition of Hadamard states for 
the Majorana-Dirac field. Roughly speaking, these are states whose two-point function 
has the short distance singularity structure of a Hadamard fundamental solution of the 
Dirac equation with no spacelike singularities. A mathematically precise definition of 
Hadamard states was first given by Kay and Wald 17j for the case of a scalar field and 
that definition has subsequently been generalized to Dirac fields by jHHI- We here prefer 
to work with an alternative equivalent characterization of Hadamard states in terms of 
the so-called "wave front set" of their associated two-point function (for a definition of 
this concept see This characterization was first found by Radzikowski [21] in the 

case of scalar fields, and was later also established for Dirac fields, see ^3 ^1 122] ■ 



^^More precisely in [T^, the following general result was proven for a Hermitian scalar field: If tlie 
algebra ^ of free quantum fields is enlarged to a suitable algebra 22J containing the observables of interest 
in the perturbatively defined interacting theory, then the states on ^ that can be extended to 22J are 
precisely the Hadamard states with smooth truncated n-point functions for n ^ 0. This class includes 
in particular the quasifree Hadamard states, since these have vanishing truncated n-point functions for 
n ^ Q. The generalization of this result to Dirac fields is straightforward. 
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Definition II. 1. A state on is said to be of Hadamard form if the wave front set, 
WF(5^), of its two-point function is contained in the set 

C+ = {(0:1,6; 0:2,-6) G T*M^ \ {0} I (xi,6) ~ (a:2,6),ei>0}. (28) 

Here, the notation (xi,6) ~ (2^256) means that (a) the points Xi and X2 can be joined 
by a null-geodesic c : [0, 1] — ^ M, (b) the covectors 6 and 6 are cotangent to c (meaning 
that c'^(O) = g^'^{xi)^ib and c"(l) = g"'^{x2)C,2b) and parallel transports of each other. ^i>0 
means that 6 is future-pointing. 

Remarks. 1) An important consequence of the above definition is that if uji and 002 are 
two Hadamard states, then the distribution /C = S^^-^ — S^^^ is given by a smooth function. 
To see this, we notice that 

/C(Cni, CU2) = -/C(ui,U2), (29) 

by the Hermiticity and the commutation relations of the Dirac field. Since C is anti- 
linear, this equation implies, together with the definition of the wave front set, that if 
(0:1,6; ^2, 6) G WF(/C), then also (xi, —6; 2:2, —6) ^ WF(/C); in other words 

WF(/C) = -WF(/C). (30) 

On the other hand, we know that 

WF(/C) = WF{S^, - c WF(5^J U WF(5^J c C+, (31) 

because ui and 002 are Hadamard. Since the only subset of S* C with S = — S" is the 
empty set, this implies that in fact WF(/C) = 0, which is equivalent to the statement that 
/C is smooth. 

2) If a quasifree state is of Hadamard form in a globally hyperbolic neighbourhood of a 
Cauchy surface, then, as originally shown by Fulling, Narcowich and Wald 0, it must in 
fact be of Hadamard form throughout the whole spacetime. For a more recent version of 
this argument within the framework of microlocal analysis, see for example ^3 1^ HH] ■ 

III Local quasiequivalence and factoriality 

We will now show that the GNS representations vr^j and n^^^ of any two quasifree Hadamard 
states Ui and 002 on 5^ are quasiequivalent when restricted to 5^(0) for any open, relatively 
compact set O C M, meaning that the density matrices in the GNS Hilbert spaces 
and =^^2 define the same sets of states of 5^(C). 

In order to prove this result, we will proceed as follows: We first note that vr^^j \ ^{0) 
is quasiequivalent to tc^^^ \ 5^(C), if vr^^ I" is quasiequivalent to vr^j \ for some 
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O D O. Now every open, relatively compact set O C M can be embedded into a set of 
the form int (D ('^) ) , where ^ is a relatively compact subset of some Cauchy surface S 
with smooth boundary in S We may therefore restrict attention to regions O^^ of the 
form int(L'('^)). For such regions, we first show that the GNS representation 7iuj\:s{o<g) of 
the partial state u \ 5^(0<r) is quasiequivalent to the representation \ 5'(C%f). Then 
we will check that the representations relative to any partial (quasifree, Hadamard) state 
u \ ^{O^g) are locally quasiequivalent. 

Lemma III.l. Let A D i? be C*-algebras, uj a state on A, and (vr, be the GNS 

representation of A. Denote by e' the orthogonal projection on tt{B)\VL). Then 'k^\^b is 
quasiequivalent to tt^^ \ B if and only if the central support of e' is 1. 

Proof. The projection e' belongs to 7r(i?)' and B 3 b ^ 7r(6) \ e'^ is equivalent to the 
GNS representation of \ B. If the central support of e' in vr(_B)" fl vr(i?)' is equal to 
1, then the homomorphism (induction) tt{B)" 3 T ^ T \ e'^ is an isomorphism that 
gives the quasiequivalence between B 3 b ^ 7r(6) and B 3 b ^ 7r(6) f e'^. Conversely, 
quasiequivalent representations have equivalent amplifications. □ 

In order to be able to apply the above lemma in the case at hand we next prove a 
proposition that is also of some interest in its own right. 

Proposition III.l. Let ^ be a relatively compact subset of a Cauchy surface S with 
smooth boundary in S, and let = int(L)('^)), where -D(^) is the domain of dependence 
of Then, for any quasifree state u, 

7^.mO^^)f n n^iW'^))" = C ■ U. (32) 

Remark: Taking into account the even and odd parts ^± separately, the proposition 
implies that the even part of the center of 7iuj{d{0^g)) is trivial. 

Proof. Let P be the operator on = LF'{DM \ S) corresponding to the quasifree state 
uj via eq. 0, and let C J(f be the 1-particle Hilbert space, as defined in eq. (fTTjl . In 
addition, let us define the following closed, real linear subspaces of J^: 

^(^) = c\o{P^'^k I k e C^{DM \ <^), Ck = k}, 
= do{P^/'^k\keC^{DM Ck = k}. 

i^Proof: Let K he a. compact set containing O, and let = iJ^{K) n E) U {J~{K) n E). Since E 
is a Cauchy surface, it follows that D{^) D if by the definition of the domain of dependence. We will 
show that 'lo is compact by showing that J'^iK) fl E is compact. The collection of sets {J~{x)}x£M is a 
cover of K and hence has a finite subcover { J~(xi), . . . , J~{xr)}- By Thm. 8.3.12 of J~{x) n E is 
compact for any point cc, and therefore so is also U\^-^{J~ {xi) n E). Hence, J~{K) fl E is contained in a 
compact set. But J~{K) n E is also closed by Thm. 8.3.11 of |22|, hence compact. The same argument 
can be repeated for "+", showing that is a. compact subset of E. By enlarging if necessary, we can 
achieve that it has a smooth boundary in E. 
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We note that = ^ + and it is not difficult to see that = ^ if and only if P 
is a projector. By eq. (HH), we can write 

T^u[^[0^g))" = {a{m) + a(m)* | m G ^(^)}". 

By an argument due to Foit |2| and Roberts, we know that ()32j) holds if and only if 
^{^) n i^i^y = {0}, where "prime" denotes the symplectic complement of a set in 
Jif, defined as 

^(^)' = {m' eJ^\ Im(m|m') = Vm G ^(^)}.) (33) 

Let now m G ^(^) fl i^{^y . We must show that m = 0. Now, since m G i^{^y , we 
have that im G ^{^y ^ which means that Re(m|m') = for all m' G ^{^). Moreover, 
since m G ^(^), it is not difficult to see that Re(m|m') = for all m' G ^(S \ ^). 
Altogether, this means that 

Re(m|m')=0 Vm' G ^(^) + ^(S \ ^). (34) 

Consequently, we know that 

Re(m|pi/2^') =0 VA;' G C^{DM \ ^) + C^{DM r S \ '^), CA;' = A;'. (35) 

Because the boundary of ^ is smooth, it follows easily that the space C^{DM \ ^) + 
C^{DM I" E \ '^) is dense in C^{DM \ S) in the norm induced by the scalar product 
0. This implies that 

Re(m|m') = Vm' G (36) 

or equivalently that m G ^ fl i^'. Let us now introduce an auxiliary quasifree state 
(D whose corresponding operator P is a projection, so that ^ = ^ holds for the corre- 
sponding 1-particle space. Let us write m = Xvca.j^ooP^^'^kj, where kj G C^{DM \ S) 
with Ckj = kj. Then, since 

||pi/2^. _ P^/^k,\\ = \\h- k,\\ = \\P^/^ki - P'/'%||, (37) 

it follows that the limit m = limj^oo P^^'^kj exists in If m' = P^^'^k', with k' an 
arbitrary element of C^{DM \ S) with Ck' = k', then ()36|) implies that 

= Re(m|m') 

= lim Re{P^/^kj\P^/^k') 

= lim Re(P^/2K|pi/2^/) 
= Re(m|m'), 

where m' = P^^'^k'. It follows from this that Re(m|m') for all m' G ^ = J^, and therefore 
that m = 0. But, by (jHTj) . this also implies that m = 0, which proves the proposition. □ 
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We now will now combine the above two results to show 



Proposition III. 2. Let be a quasifree state on ^. Then the representations 7ruj\:s{o<g) 
and \ ^{O^g) are quasiequivalent. 

Proof. Let U be the unitary operator on implementing the automorphism 7, 7r^(7(F)) = 
Ut:^{F)U* . By the remark following Prop. IIII.ll we know that the Ad(f/)-invariant 
(that is, even) part of of 7r^(5^(0<r))" H T^uj^^SiO^g))' is trivial. The central support of 
7r(^(5^(0<r))|^a;) is invariant under Ad([/), hence it is 1. The result now follows from 

Lem. rnrn □ 

Theorem III.l. (Local quasiequi valence) The GNS representations vr^^^ and tt^^j of any 
two quasifree Hadamard states oji and 0J2 are locally quasiequivalent when restricted to 
5^(0) for any open, relatively compact set O C M. 

Proof. As explained above, we only need to prove the quasiequivalence of the representa- 
tions VTt^i 1-5(0^) and T^u}2\^{o^)i where O^^ is a region of the form int(D(^)). Let Pi and P2 
be the self-adjoint operators on J(f = L'^{DM \ E) associated to the the quasifree states 
uji and UJ2 via eq. Q. The partial states Ui \ d{0<^) and UJ2 \ "SiOc^) are then again 
quasifree states, corresponding to the operators Ec^PiE^^ and Ec^P2E^^, where E^g- is the 
projector onto the closed subspace L'^{DM \ ^) of J^, given by {E^gk){x) = X'^{x)k{x) 
with xv the characteristic function of the set 

By a theorem of Powers and St0rmer [201 Thm. 5.1], the partial states Ui \ 5^(C<^#) 
and UJ2 \ '^{Ocg) are guaranteed to be quasiequivalent if 

\\{E.,P^E^f/^ - {E.,P2E.,f/^2 < 00, (38) 

where || ■ II2 is the Hilbert-Schmidt norm on see Sec. IA.2I In order to estimate the left 
side of (j38|l . we recall the the Powers-St0rmer inequality, which says that ||AV2_5V2||2 < 
11^4 — 5 111 for any two positive bounded operators A and i? on a Hilbert space, where || ■ ||i 
denotes the trace-norm, see Sec. Taking E^gP^E^^ for A and E'gP2E^g for B in that 
inequality, we find that (jHHj) follows if we can show that 

\\E^iPi-P2)E.4,<oo. (39) 

We now define a bidistribution K on ^{DM \ S) x !^{DM \ S) associated with the 
operator E^g{Pi — P2)Ecg by putting K{ki, ^2) = (CA;i|i?<^(Pi — P2)E^gk2). This bidistri- 
bution can be expressed in terms of the two-point functions S^^^ and S^^^ as follows: By 
the Hadamard property combined with a microlocal argument (see e.g. fSj), the latter 
possess a well-defined pull-back to the submanifold S x S, denoted by V'^'^cji respectively 
</9^'5i^2 5 where ip^, : x ^ M x M is the embedding map. Using eq. ©, we compute 
that 

^*T.Suj,{lan"'ki,'^bn^k2) = {C p^Sp'j^{'-fan°'ki)\Pjp^Sp'j^{'-fbn^k2)) 

= {Ck,\P,k2) (j = l,2), (40) 
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where n"" is the normal of S and where we have used the identity p-^Sp'-^ = ija^^'^T, (see 
[H]) in the last line, with p'^ the dual of the restriction map p-^. It is not difficult to see 
from this that 

K{ki, k2) = (fU^uji - S^^){x'^'^an"'ki, X'g'^bn^k2) (41) 

Since uji and uj2 are by assumption Hadamard states, we know that S^)^ — S^^^ is smooth 
on M X M (see the first remark following Def. III.1|) . Equation (PT|) therefore implies 
that K can be identified with a smooth section in D*M \ S x D*M \ S, with compact 
support in X Let {rji} be a smooth partition of unity covering with the property 
that the support of each rji is contained in a coordinate patch. Then we can write K = 
^(?7i (g) rij)K = Yli-^iji each Kij can be identified a matrix of smooth, compactly 
supported functions in x R^) via a local trivialization of D*M \ S x D*M \ S over 

the patch corresponding to the pair 77^, rjj. As it is well known, a matrix of operators is in 
the trace class if each matrix entry is in the trace class. Thus, in order to show that K is 
in the trace class, it suffices to show that the matrix elements of each Kij is in the trace 
class. In fact any smooth, compactly supported integral kernel L in S){Mf x Mf) is in the 
trace class, as one can see e.g. as follows: We can write 

L{x, y) = {l + |xr^'(l + \x\YL{x, y), (42) 

where |a;| = C^xf)^^'^. The multiplication operator by (1 + |x|)~p is in the Hilbert-Schmidt 
class for p sufficiently large since ||(1 + |a;|)~P||2 = /(I + \x\)~^^ d^x < 00 then, and the 
integral kernel (1 + \x\yL{x,y) is in L^(M* x W) for any p, and therefore also in the 
Hilbert-Schmidt class. Hence, L is the product of two Hilbert-Schmidt operators, and 
hence in the trace class. □ 

We conclude this section with the following theorem. 

Theorem III. 2. (Local factoriality) Let a; be a quasifree state Hadamard state for the 
free Dirac field on a globally hyperbolic spacetime. Then the local v. Neumann algebras 
T!'uj{d{0^^))" are type I Hi factors. Furthermore, the local quasiequivalence established in 
Thm. nil. H is in fact local unitary equivalence. 

Proof. The partial state u \ 5^(C<i^) is a quasifree state corresponding to E^^PE-:^ in the 
notation of the proof of Thm. IIII.ll Hence, the algebra vr^ 1-5(0^) (^^(C'r)) is a factor by the 
results of Powers and St0rmer [SHj. By local quasiequivalence, also vr^(i^(C%f)) is a factor. 
The type of this factor can be obtained by again invoking local quasiequivalence. In fact, 
the local v. Neumann algebras are type IIIi factors in a pure, quasifree Hadamard state 
by [101 Cor. 5.12], therefore they are IIIi factors for all quasifree Hadamard states. □ 

Remark. By a similar argument, one can also show that the local algebras of observ- 
ables, vr^(2l((9<(f))" are factors of type IIIi. 
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IV Nuclearity 



In this section, we show that the theory of a free Dirac field on a static spacetime satisfies 
the nuclearity condition stated in the introduction. Before giving the precise formulation 
of our result, let us begin by fixing our conventions for this section, as well as some 
notations: We assume that the spacetime (M, gab) under consideration is static. Let 
Ht be the Cauchy surfaces orthogonal to the timelike Killing vector field. We pick an 
arbitrary but fixed E = Et, and fix a subset C E with compact closure. For that 
subset, we define 0-^ = mt{D{^)) C M, where D{^) is the domain of dependence of 
"io. Throughout, we will work in the representation of given by the ground state uj 
introduced in Sec. |n] In this representation, the Fermi fields take the form 

tl){k) =a{Pky + a{PCk), k e ,J>(f = L^{T.-DM), (43) 

where we are writing ^/'(fc) instead of tt^^ (■?/'(/;;)) to lighten the notation in this section. Here, 
P is the projector on the positive spectral subspace of h (see eq. fl^). and a{p)* and a{p) 
are the creation resp. annihilation operators defined in eq. with p G M' = PJ^. The 
local algebra ^{O^g) is then generated by those ilj{k) for which k is supported in ^, that 
is e L'^i^; DM). It is viewed as a subalgebra of the algebra of bounded operators on 

via vr^. For further notational simplicity, we will also drop the subscript "t^" on 
and the vacuum vector 1^^^) in this section, the understanding being that we always refer 
to the quantities associated with the ground state. For the relevant definitions concerning 
the nuclearity of a map and related functional analytic concepts we refer the reader to 

Sec, roi 

Let 6^ be the map defined by 

e/3:^(a^)^^, e^(A) = e-^^A|fi), (44) 

for /3 > 0, and let 

J^'^,f3 = II 0/3 111 

be its nuclearity index. The aim of the present section is to show that O/3 is p-nuclear 
(Thm. IIV.1|) and to estimate the nuclearity index z/<^^^ (Prop. IIV.1|) . 

Theorem IV. 1. (Nuclearity) The maps G/3 are p-nuclear for all /9 > and all p > 0, i.e., 

WQpWp < 00. 

Proof: We first show that p-nuclearity of the maps B/3 follows if, for each /3 > 0, there is 
a positive operator T on = PJ^, with the following two properties: 

(a) T G J^(J^) for all p > and all /5 > 0, where J^p{Jf) denotes the Schatten-space 
with index p, consisting of all bounded operators B such that ||-B||p = (tr|5p)^/^ < 
00 (see also Sec. IA.2|1 . 
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(b) If {pj}jm is an orthonormal basis of consisting of eigenvectors of T and {tjjjgN 
the corresponding eigenvalues, 

Tpj = tjPj, 

then there holds the inequality 

m,...,jep{A))\<U,...UjA\\ for all AGi^(a<,), (45) 
where = afej* • • • a{pij*\n) with ii < • ■ ■ < i^. 

To see that the existence of such an operator T indeed implies the statement of the 
theorem, we expand as 

k>0 ii<---<ik 

where (pi^,„i^{A) = {^i^,„iJQ 13(A)) . Since || = 1 and since ||v3n...ij| < • • -Uk by 
eq. in assumption (b), we get the estimate 



IP 

I 



< 



\Qp\\p < I E E 11^*1- 

vfc>0 ii<---<ik 
\k>0 ii<---<ik 

1 

Y^tT (A^(n))' =(det(U + n)^ 

where in the last line we have used a well-known identity for trace-class operators, see 
e.g. Thm. XIII. 106]. Using the inequality |22l Lem. 4, Sec. XIII. 17], 

|det(l + T'')| <ell^""s 

we conclude that 

||0/3||p < e^"^"^ (46) 

which is finite, because T G J^p(=^) by assumption (a). This then shows that the maps 
9/3 are p-nuclear for any p > and P > 0, with ||6/3||p < (det(l + T^))^/^. 

In order to complete the proof, we must show the existence of an operator T with 
the above properties (a) and (b). Let E<:if be the projector onto the closed subspace 
LP'{DM \ "io) of (i.e., multiplication by the characteristic function of the set ^), define 

S = 2E<^e-^^P, (47) 
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and let S = VT be the polar decomposition of 5* (so that T = (5**5')^/^). In what follows, 
we will establish that the so defined operator T has the above stated properties (a) and 
(b). Let us begin by stating some relevant properties of S and T. 

Lemma IV. 1. The operators T and S have the following properties: 

(i) T = PT = TP and ||T|| < 726-^"^°. 

(ii) T G ^p(^) for all p > for all /5 > 0. 

(iii) There holds the estimate 

where s is the number of spatial dimensions, mo = vqui and /3o > is a constant 
independent of (3. 

(iv) The range of S* is dense in J^. 

Proof. The first part of (i) follows immediately from the definition. In order to show the 
norm estimate in (i), we notice that ()25p implies that 

> m^l, (48) 

where mo = vqiti. We therefore get the inequality e~^^P < e~'^°^ and hence ||T|| = 
1 1 1 1 = ^\\e-^^PE^gPe-^^\\^/^ < y2e-^"'«. Part (ii) of the lemma can be demon- 
strated by adapting a method developed in 0, we briefly sketch the argument. Let 
X £ C'^(S) be a function which is equal to one on ^ and let M^^ be the corresponding 
multiplication operator on J(f = L'^{DM \ E), defined by M~^k = xk. Then one can show 
that the operators 

= (1 + ^2h2)(«-l)-/2M^(l + /^^h^)-"*/^ 

are in the Hilbert-Schmidt class for all ri > 1. A proof of this is given in the Appendix 
of ref. [Ij for the case of Minkowski space; the main steps for a proof of this statement 
in the case when S is not fiat are given in the Appendix of this paper. Now it trivially 
follows from the definition ()47j) of S that one can write 

5 = 2E.^' ■ ki ■ k2 k„,(l + /52h2)"^/2g-/3|h|p 

Since the operator (1 + /52h2)"^/2g-/3|h| jg bounded for any P > 0,n > 0, this shows that 
5" can be written as the product of an arbitrary number of Hilbert-Schmidt operators. 
This implies that S G J^(^) for all p > and hence T G J^p{J^) for all p > 0, thus 
proving part (ii) of the lemma. The proof of (iii) is outlined in the Appendix. Part (iv) 
is equivalent to the statement that the range of the map PE^ is dense in Jif = PJ^, 
which in turn is equivalent to the statement that the Fock state on ^ given by P has the 
"Reeh-Schlieder-property" . That this property holds in the situation under consideration 
has been shown in j2^. □ 
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The above lemma establishes that T has the desired property (a). It remains to be 
shown it also satisfies (b), i.e., that the eigenvalues ti of T are related to the map 6/3 via 
eq. ()45|1 . The remainder of this proof consists in establishing this connection. For this 
let us first consider an arbitrary A & ^, and arbitrary gi, . . . G = PJ^. Since 
qi = Pqi, we have that 

HQi) = ^QiT + a{PCqi) = a{q,)\ (49) 

because PCqi = PC Pqi = P{1- P)Cqi = 0, using that CP = {1- P)C and that = p. 
Hence, we know that 

a(gi)* . . . aiqnTin) = ^{q{) . . . ^Piq„m, (50) 

as well as 

V^(g,)1^^) = a(g,)|fi) = 0. (51) 
Using the first relation ()50|) . we can write 

{a{q,y . . . aiq^rmn) = (^]|V^(g„)* • • • ^qiTm). (52) 

Applying the second relation ()51|) . we have 

(a(gi)* . . . a{qnrn\An) = (^]| [^(g„)* . . . [^(^2)*, [^(gi)*, A],], . . . (53) 

because the terms arising from the multiple (graded) commutators having one or more 
factor of ip{qi)* standing to the right of A make no contribution on account of eq. ()5H1 . 
We now use this relation to estimate the quantity |(<l'ij..i^|6^(A))|, where A G ^{O^s")) 
and = a(Pii)* . . . a(pij*|fi). We have 

(<l>,,....je^(A)) = {a{p,J...a{p,,yn\e~^''A^) = 

(a(Pe-%,J* . . .a(Pe-%,J*fi|Afi), (54) 

where it was used that pi = Ppi by definition. Next, apply eq. ()53|1 with qi = Pe^^^pi. 
This gives 

{^,,...,,\QpiA)) = 

(0|[V'(Pe-'^V)* • • • [^(Pe-^.J*, [V^(Pe-%.J*, A],], . . (55) 

So far we have not used our assumption that A is localized in the region O^^, i.e., A G 
In order to exploit this fact we write 

Pe-%, = E^^Pe-^'^pi + (1 - E^^)Pe-^''pi, (56) 
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where Ec^ denotes multiplication by the characteristic function of the subset C S. 
Inserting this decomposition, we have 

[^(Pe-%,J*, A], = - E.^Oi'e-^.J*, A]^ + [^'(i^^^Pe-'^V)*, A]^ 

= [7/>(E.^Pe-%,J*,A]^, (57) 

where we have used in the second step that, due to graded locality (fTT^ . A has vanishing 
graded commutator with — E'^)Pe~^^pi^)* because the latter is localized in the causal 
complement of by virtue of the multiplication by 1 — E^, the characteristic function 
of E \ Thus, on the right side of eq. (j^D), we are allowed to replace the expression 
Pe~^^Pi^ in the innermost commutator by the localized expression EcgPe~^^Pi^. We now 
repeat this procedure for the next-to-innermost commutator and so fourth. After k steps, 
we arrive at the identity 

(<i>.,....je^(A)) = 

(^]|[^(E.^Pe-'^V)* . . . [V^(E.^Pe~%.J*, [V^(E.^Pe-%.J*, A],], . . .],^]). (58) 

We can now substitute the definition of 5* (see eq. (|17|)) into the right side of eq. 
giving 

($.,....je;3(A)) = 2-'^{nmsp,,y . . . [^(5p,j*, [^(5p.j*, A],], . . . (59) 

Using next that S = VT and Tpi = tiPi, we arrive at 

($,,...,je^(A)) = 2-%, . ..uMmp^,r ■ ■ ■ mvp^.r, mvp^J*,A],], . (60) 

The right side can be estimated using the Cauchy-Schwarz inequality, giving 

k 

|($n....J0/^(^))l < ■ '2-' ■ . ..UJAW n mVp^M^ (61) 

j 

where it was used that there are a total number of 2'^ terms arising from the k repeated 
commutators, each of which is estimated in the same fashion by the Cauchy-Schwarz 
inequality. We finally use the inequalities ||V'(^)|| < ll^ll;^ ^ cind ||V"pj|| < \\V\\ \\pi\\ = 
1, since V is an isometry. This immediately gives ||'?/'(Kj9j)|| < 1, and thereby the desired 
inequality (j^ . 

□ 

The proof of the theorem implies the following proposition. 
Proposition IV. 1. The p-norm of G/3 : ^ ^ is bounded by 

\\Q/3\\p < [det(l + (5*5)^/2)]i/p^ ^i^g^g g ^ 2E^ee~^^P. (62) 
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Here, Ecg is the projection onto the closed subspace L'^{DM \ ^) of , h is the 1-particle 
Hamiltonian and P projects onto the positive spectral subspace of h. Furthermore, we 
have the following estimate for v^/^^p: 



where /?o > is a constant depending only on the spatial geometry within ^, mo = vom 
and s is the number of spatial dimensions. If the the spacetime metric is rescaled by 
Qab ^^Qab^ then the nuclearity index for the rescaled spacetime (with Killing field 
A^^t") is estimated by the right side of (j63|) . with jSo replaced by A/?o- 

Proof. The inequality (jU^ is just eq. The estimate for z/<:^^^ follows from this and 

(iii) of Lem. IIV.II In order to prove the last statement of the proposition, we note that 
the nuclearity index in the rescaled spacetime with Killing field A~^t" is equal to the 
nuclearity index in the unsealed spacetime at inverse temperature \~^(3 and mass Am. 
Since Vq does not change under these rescalings, this means that the nuclearity index 
for the rescaled spacetime is given estimated by the same expression as for the unsealed 
spacetime, but with (3q replaced by X[3q. □ 

V The split-property 

We are now going to show that the nuclearity property for Dirac fields in static spacetimes 
derived in the previous section implies the split-property. 

Theorem V.l. (Split-property) Let {M,gab) be an arbitrary globally hyperbolic space- 
time and u a quasifree Hadamard state on ^. Let and ^2 be two open subsets of 
a Cauchy surface S with clo(^i) C ^2 and set d = int(L)(^i)) and O2 = int(D(^2)). 
Then there exists a type I factor ^ on interpolating between the v. Neumann algebras 
7^^(^?(Cl))" and n^{^{02))" in the sense that 



Remark: An analogous result holds for the algebras of observables 2l((9) = 5^+((9). 

Proof. Our proof follows the chain arguments given by Verch fT7\ Prop. 5] in the context 
of a linear Klein-Gordon field, thereby using the results obtained in the previous section 
and some results obtained in p^3| . 

Let us first consider the special case when (M, Qab) is ultrastatic and when uj is the 
ground state. In that case we can define a map G/? as in eq. ()44|) . and we know by 
Thm. HvH that this map is nuclear with a nuclearity index estimated by the bound given 




(63) 



(64) 
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in Prop. IIV.II It can be shown (see |2I Thm. 2.1]) that such a bound entails the spht- 
property, thus proving our theorem in the case when uj is the ground state in an ultrastatic 
spacetime. 

In order to generalize this statement from an ultrastatic spacetime to an arbitrary 
globally hyperbolic spacetime (with spin-structure), one now makes use of the following 
facts: 

(i) The ground state on an ultrastatic spacetime is of Hadamard form. 

(ii) More generally, if (M, gab) is a spacetime which is ultrastatic in an open neighbor- 
hood of some Cauchy surface S, then the state obtained from the "ground state 
construction on E" is Hadamard throughout M. 

Statement (i) is a corollary of the results obtained in [21]. If the Cauchy surface S is 
compact, then one can obtain the following alternative, somewhat more direct proof of (i) 
using a construction of Junker jT3] (and using ideas of jT^] to make Junker's construction 
applicable to the Dirac case). We first write the projector P on the positive spectral 
subspace of h as P = ||h|~^(h + |h|). The operators h and |h| can be defined for every 
Cauchy surface S perpendicular to the timelike Killing vector t", and can thereby act on 
smooth spinor fields u on M . This makes it possible rewrite the two-point function ^ of 
the ground state on an ultrastatic spacetime as 



Suj{Ui,U2) = {CpT.Sui 



PPT.SU2 



= ^((h+ |h|)ps5CMi||h|-2(h+ IhDpE^Ms) 

= \[p^{lt''Va+MSCu,\\^-^p^(lt^Va+MSu2), (65) 

where in the third line we have used that if^VaSu = hSu for all smooth spinor fields u 
on M, by the Dirac equation. The key observation is that in an ultrastatic spacetime, we 
have that 

(it^'Va - \h\){it^Vb + \h\)u = (V'Va -\r- m^)u (66) 

where R is the Ricci scalar. The operator is the self adjoint extension on LP' [DM \ S) 
of the elliptic differential operator g^^VaVfe -|- rn?, where qab is the induced (negative 
definite) Riemannian metric on E. Therefore, by standard results about powers of positive 
elliptic pseudo differential operators on compact manifolds (see e.g. [9J), |h| is a pseudo 
differential operator of order 1 on E with principal symbol \/ —q"'^{x)S,aib where / is 
the identity map in the fibers of DM, and |h|~^ is a pseudo differential operator of order 
—2. Equation therefore provides a presentation of the two-point function to which 
Thm. 3.12 of is applicable, and we conclude by that theorem that WF(iS^) C , thus 
showing that 5^ is of Hadamard form. The above arguments do not apply as stated to 
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the case of non-compact S, since it is not guaranteed then that |h| is a pseudo differential 
operator. This can presumably be shown provided that the spatial metric qab satisfies 
suitable fall-off conditions at infinity, but would require a considerable effort. 

Statement (ii) follows immediately from (i), together with the second remark following 

Def.rrm 

It is known that if the split property holds for a state u, then it also holds for any 
other state that is locally quasiequivalent to u. Therefore, since the ground state on an 
ultrastatic spacetime is Hadamard by item (i) of the above lemma, and since all Hadamard 
states are locally quasiequivalent by Thm. 1111.11 we conclude that the split-property holds 
for any quasifree Hadamard state on an ultrastatic spacetime. More generally, by the 
same argument and (ii) of the above lemma, it follows that if a spacetime has a Cauchy 
surface E with an ultrastatic neighborhood, then the split property holds for any quasifree 
Hadamard state and any pair of concentric double cones Oi and O2 whose bases are in 
S. 

In order to further generalize this to arbitrary quasifree Hadamard states on an arbi- 
trary globally hyperbolic spacetime, we now employ a deformation argument identical to 
the one given in |i27^ Proof of Prop. 5]. For this, one notes that one can construct, be- 
sides the original, arbitrary globally hyperbolic spacetime {M,gab) (with spin structure), 
a deformed spacetime (M, gab) with spin structure, with the following properties: 

1. {M,gab) possesses a neighborhood U of some Cauchy surface S which is isometric 
to some nei^borhood U <Z M containing a Cauchy surface S in the deformed 
spacetime {M,gab)- We chose the spin structure of M so that its restriction to U 
coincides (via the isometry) with the restriction of spin structure of M to U^^ . 

2. The spacetime {M,^ab) is ultrastatic in a neighborhood of a Cauchy surface S. 

3. If "^1,^2 C S are sets as in the hypothesis of the theorem, then there exist open 
subsets 7^ C S" with compact closure such that clo('>^) C % and 

where the sets correspond to and S corresponds to S via the isometry postu- 
lated in 1). 

Now let u be an arbitrary quasifree Hadamard state on for the original spacetime, and 
let be the uniquely determined quasifree Hadamard state for the deformed spacetime, 
whose two-point function coincides with that of u in UxU via the isometry identifying the 

^■^It then follows that the spin structure over M can be globally identified with the spin structure over 
M, since M resp. M are topologically M x S resp. R x S and since the spin structures over E resp. S 
have already been identified. 
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neighborhoods U and U described in item 1). The trick is now to use the spht-property 
for the deformed spacetime, 

7ro{d{int{D{i{m" C J^C 7rs(§(int(Z}(l^))))". (67) 

(which is aheady known, by item 1) and 2) above and by what we have said so far) to 
prove the spht-property in the undeformed spacetime. By item 3) above, we have that 

di = int(D(<^)) C mt{D{fij), 62 = int(D(^)) D int(D(-^)), 
therefore we have by (j67j) that 

TrSiOi))" C JTc 7rSi02)r. 

Since Q agrees with u onU xU, this therefore shows the spht-property on the undeformed 
spacetime. □ 
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A Appendix 



A.l Proof of (iii) of Lem. IIV.I 



We here sketch how to obtain the estimate \\S\\i = \\T\\i < (/5o//5)*e~^™°/^ claimed in 
item (iii) of Lem. IIV.II The method of our proof also allows us to establish that the 
operators k„ introduced in the proof of Lem. IIV.II are of Hilbert-Schmidt class, as had 
been claimed there. However for brevity, will explicitly demonstrate this only for the case 
n = 1, the other cases can be treated in a similar way. 

In order to prove the above estimate on the trace-norm of S, we write S = y/2E'^ ■ 
ki ■ k2 ■ (1 + /3^h^)*e~^'^P as in the proof of Lem. IIV.II where 

ki = M^(l + l3^hy/\ k2 = (1 + /3V)^/2M^(1 + /J^h^)-^ 
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and where M^k = xk is the multiphcation operator by a compactly supported smooth 
function x which is identically one on We get from this the estimate 

ll^lli < IlkillsllkslblKl +/9'h2)^e-^hp|| < c||ki||2||k2||2e-^"^°/2_ 

Hence, in order to prove the estimate in item (iii) of Lem. IIV.H it is sufficient to demon- 
strate that II kill 2 < C/S^"*/^ and that ||k2||2 < c/?""*/^, where c is some constant independent 
of f5. We will now show how to obtain the bound on the Hilbert- Schmidt norm of ki. 
The bound on the Hilbert-Schmidt norm of k2, and likewise on the other k„, can be 
established in a similar way, but we shall not discuss this here. 
The task is thus to prove that 

||ki||2 = ||M^(1 + (3^h^)-'Mji < cf3-'. (68) 

Let us assume, for simplicity, that supp(x) C S can be covered by a single chart X C M*, 
and identify ^ via this chart with a subset of X}^ The idea of the proof is to split 
M^{t + P'^h^)~''^M^, viewed now as a self-adjoint operator on L'^{X;C^) (where = 
2[('^+i)/2] is tJ^e number of spinor components in s + 1 dimensions), into two parts which 
are more amenable to an analysis than this operator itself. In order to achieve this, we 
must first recall the notion of a pseudo differential operator with a parameter (for details, 
see e.g. jHl p. 58]). These are defined — ^just as ordinary pseudo differential operators — in 
terms of so-called symbols, the only difference being that these symbols now depend on 
an additional parameter. A, which we shall take to be later on. Let S'^{X) be the 
space of all matrix valued functions p{x, C,, A) which are smooth in x G X and ^ G 
and analytic in A G C\]R~ and for which \d^d2p\ < Cq,^^(1 + |^| + lAI^/^)™""'"', where we 
use the usual multiindex notation, for example = . . . Elements in S^{X) are 
called "symbols with a parameter". A pseudo differential operator with parameter A is 
an operator of the form 

P,u{x) = {2n)-^/' [ p{x,^,X)e^^^u{Od% 

where p is a symbol with parameter and u is the Fourier transform of u. It is customary 
to write aPx = p. The space of all pseudo differential operators Pa with aPx G S^{X) is 
denoted by ^^['(X). 

It follows form (j^^ that is a self adjoint extension of an elliptic differential operator 
A with symbol 

(tA{x, ^) = a2{x, ^) + ai(x, ^) + ao(x, ^). (69) 

The principal symbol 02(0;,^) is given by the matrix q^-'{x)^i^jl in a local coordinate 
chart, where / denotes the N x N identity matrix and g*-' are the coordinate components 

-"^"^If 'rf cannot be covered by single coordinate chart, one can write X = ^Xij where each Xi is supported 
in a single chart. The argument then still goes through but we do not give any details here. 
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of the inverse spatial metric, ai and are symbols of order 1 and 0, respectively, whose 
particular form is not relevant for our purposes. 
We define the symbols 

bo = (a2 + A/)-i (^SfiX), 

2+\a\+j-i=k,j<k 

Let Bx G \E'^^(X) be a pseudo differential operator whose symbol has the asymptotic 
expansion 

aBx^J2^k{x,^,X) eSx\X). (70) 

fc>0 

By construction, B\ is an inverse modulo \E'^°^(X) of A on X (see e.g. in the sense 
that 

BxiXt +A) = (Al + A)Bx = t modulo ^^°°(X). (71) 

Moreover, since A is formally self adjoint and positive, it follows from well known argu- 
ments that the operator Bx can be assumed to be a positive operator (this can be 
achieved, if necessary, by adding a suitable element in \E'^°°(X) to 5a)- 
We now write 

M^(A1 + h2)-^M^ = Qx + Rx, (72) 
where A > from now on and 

Qx = M^BIM^, Rx = M^((A1 + A)-^ - Bl)M^. (73) 

(Here and in the following we write the operator (Al + h^)~^ as (AU + A)^^ , to simplify 
the notation. Note that the latter is is understood as an operator on J^. This operator is 
not assumed to be pseudo differential, nor must it be confused with 5^, which is pseudo 
differential, but only defined on X.) 

The relevant properties of Rx-, Qx are summarized in the following lemma: 

Lemma A.l. We have HQaHi < cX'^^'^ and ||-Ra||i < cA^'^^^ for some constant c. 
The lemma allows us to finish the proof of eq. (jUHj) because, setting A = 
\\M^{1 + P^h'^r'Mj, < r''(||Q^-2||i + \\R(,-4i) < P-'-' ■ cP' = c(3-\ 

□ 

It remains to prove lemma (jA.lll . 
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Proof. Since Qx is a positive operator in ^'^^''(X), we can calculate its trace norm by (here 
and in the following we use the constant convention, meaning that different numerical 
constants, are denoted by the same symbol c): 

\\Qx\\i^lrL.^X;cnQ>^ = (27r)-^/2trciv / / q{x,C, X) d^d^x 

< c I (l + |e| + AV2)-2.^.^ 

/■oo 

< c / (l + r + A^/')-'V-^dr 

Jo 

= c(l + < cA-*/l 

This proves the first inequality. For notational simplicity, we will only explicitly prove the 
second inequality for the case s = 1, but our arguments can be generalized straight- 
forwardly to deal with general values for s. We first introduce some notation. Let 
x'j x"; x'"; • • • be smooth functions of compact support in X such that = 1 on the 
support of X, x" = 1 on the support of = 1 on the support of x", etc. Further- 

more, let us set 

L=[M^,Al L' = [M^,,Al L" = [M^.,A],..., (74) 

so that L, L', L", . . . are partial differential operators of degree 1. Let || • ||ijr denote the 
norm on the Sobolev space H^{X\ C^), and let k be an arbitrary smooth spinor field. 
Since A is elliptic, we obtain the estimate: 

WRMnr = \\M^{{Xl + A)-'-Bx)M^k\\Hr 

< c||(Al + A)M^{{\1 + A)-^ - Bx)M^k\\Hr-^ 

If we move the operator (AU -|- ^4) through M^, then this can be further estimated by 

< c(\\M^{l - (AU - A)Bx)M^k\\Hr-2 + ||LM^/((AU - A)'^ - Bx)M^k\\Hr-2^ 

< c((l + A)— /^II^IU^ + \\M^>{{X1 - A)-' - Bx)M^k\\Hr-.) , 

where we have used that U — (AU + A)Bx G ^'^°°(X) in the last line, and where m is an 
arbitrary but fixed natural number. We may repeat the above chain of inequalities for 
the second expression in the last line, replacing x' by x" and L by L'. If we iterate this 



29 



procedure, we get 

\\Rxk\\Hr < c(^{l + X)-"'/^\\k\\L2 + \\M^n{{Xl-A)-^-Bx)M^k\\Hr- 

< c((l + X)-^/^\\k\\L2 + \\M^"'{{Xt - A)-' - Bx)M^k\\Hr-^) 

< ■■■ 

< c(^(l + X)-"'/^\\k\\L2 + ||M^,,...((AU - A)-^ - Bx)M^k\\L2'^ 

< c{l + X)-"'/^\\k\\L2, 

where neither of the above constants depend on A, but only on r and m. This inequahty 
imphes that R\ is a continuous map from L'^{X; C^) to H'^[X] C^) for every r. By duahty, 
R*^ = Rx is a. continuous map from H~^{X;C'^) to L^(X;C^) for every r. Therefore, 
Kx = RxRx is a continuous map Kx '■ H~^{X; C^) W{X; C^) for every r and therefore 
has a smooth (and by definition compactly supported) integral kernel on X x X. From 
the dependence upon A of the constants in the above inequality, one gets furthermore that 

sup \d:d^yKx{x,y)\ < c,,^(l + A)-'" V«,7. (75) 

This estimate can now be used to bound the p-th Schatten norm || ■ ||p of Kx by writing 
Kx as a product of an arbitrary number of Hilbert-Schmidt operators as in eq. (021), 

n 

Kx{x,y) = + Ixl)-" ■ (1 + \x\rKx{x,y), (76) 

i 

where the q is chosen sufficiently large. The multiplication operator by (1 + |a;|)~^ is then 
Hilbert-Schmidt, and ||(1 + {xD'^'/Kxh < c(l + A)""' using eq. Hence 

||i^A||p<c(l + A)-'" (77) 

for all p > and A > 0, where c depends only on p, m. The chain of inequalities leading to 
eq. (f77j) can be repeated for arbitrary s. It follows in particular that ||-Ra||i = ||-^a||i/2 < 
c(l + A)^™ < cA~'^ (choosing m = s). This the claim of the lemma for Rx- □ 

A. 2 Nuclear maps 

The notion of nuclearity considered in this paper is formulated in terms of nuclear maps. 
For the convenience of the reader, we now recall the definition of a nuclear map between 
two Banach spaces, for details we refer to P^ . 

Let ^ and '3^ be Banach spaces, with norms || ■ ||x and || ■ ||^ respectively. A bounded 
linear map : ^ — ^ ^ is called nuclear, if there exist bounded linear functionals ipi on 
^ and vectors Yi G i El such that G can be written as 

e(x) = ^r,(^,(x) vxg^, (78) 
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sup \'^i{X)\. 



||e||i = inf ^ llv^ill \\Yi\\ay, 
i 

where the infimum is taken over all possible ways to write G in the form (|7H|l . The set 
of all nuclear maps is denoted by ,'3^). More generally, a bounded linear map is 

called p-nuclear, if it can be written in the form ()78p with 

||e||p = inf ||v?^f <oo, p>0. 

The space of all p-nuclear maps, p > 0, from ^ to is denoted by J^p(e^, ^^). It can be 
shown that these spaces are again Banach spaces for all p > 0. If = 'SV, then we simply 
write them as J^p(^). If is a Hilbert space, then J^i{^) is the space of trace-class 
operators, and J^2{^) is the space of Hilbert-Schmidt operators. 



with 

llv^ill ll^ilk < llv^il 

i 

One defines the nuclearity index of B by 
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